Introduction.
Various classes e of objects, such as permutations, groups, trees and directed graphs have natural representations in terms of matrices. Several authors [e.g., Beran (1979) , Verducci (1989) ] have investigated probability models on these classes in terms of exponential families based on such matrix representations. That is, if R(7T) is a square matrix representing object -T and 0 is a parameter matrix of the same dimensions, then is called the tree weight of A. The tree weight t(A) is also called the tree polynomial [Farrell (1981) ] of the complete graph Kn on n nodes with weighted edges because it is a polynomial in the entries ae of A and the summation is over all nn-2 spanning trees of Kn. Individual terms in (3) are called tree products.
When A is the adjacency matrix of a simple graph G, then t(A) clearly counts the number of spanning trees of G. In this paper, the tree weight t(A) naturally arises with more general forms of A. For A = [?e] assigning odds Oe to all edges e of Kn, t(A) becomes the key to calculating the probability of observing a spanning tree on n nodes when edges e c Kn, appear independently with probabilities Pe = Oe/(l + Oe). Also, if Pe = ce/n (generating a "sparse" random graph), then the expected number of tree components having k nodes is easily shown to be asymptotically equal to a weighted sum of t(AS), where in terms of the first two empirical moments of the edge weights [ce] and the vertex weights [ci] . The bound implies that, in a nondegenerate situation, the probability is maximum in the uniform case for n large, provided that the average edge weight c strictly exceeds 4 in the limit. We conclude the section with a simple example indicating that this bound for c cannot be pushed below 2+ /2.
In Section 4 we extend our study to rooted forests. Recall that a graph is called a forest if it is a collection of tree components, or equivalently, it has no cycles. A tree is said to be rooted if a single node in that tree is designated as a root, and a rooted forest is a forest in which all trees are rooted. Let v (resp., ek) denote the collection of all spanning rooted forests (consisting, resp., of k trees We show that, like the tree weight t(A), each of f k(A), (1 < k < n) and f (A) attain their maximum values at the uniform case A*. The formulas for fk(A) and f(A) are used to show that the number of trees Xn in a random rooted forest (sampled with probability proportional to its weight) is intrinsically divisible, that is, representable as a sum of n independent Bernoulli random variables. More precisely, the success probability of the jth Bernoulli variable is 1/(1 + Aj), where Aj, (1 < j < n), are the eigenvalues of the weighted Kirchhoff matrix corresponding to A. With regard to this divisibility property, Xn is analogous to the number of sets in the random set partition [Harper (1967) ], the number of edges in the random matching set [Heilmann and Lieb (1972) , Godsil (1981) ] and the number of pendant vertices in a random tree [Steele (1987) ]. We illustrate applicability of the last result by showing that for the cube on n = 2k vertices, the random variable Xn is asymptotically Gaussian with mean and variance close to 2k/k. Our focus here is primarily on the nonuniform sparse model, when Pe = ce/n, and Ce # c. With a notable exception of Stepanov (1970a, b) who studied the special case P(ij) = aiaj/n, not much is known about the behavior of this random graph. Its analysis promises to be considerably more complicated since the classical graph-enumerating techniques can no longer be used freely.
In this section we investigate the probability that G, a random graph from the model 4(n, [Ce/n]), is a spanning tree. Let e and P(e) denote the set of all spanning trees on Kn and the probability in question. The probability that G is a given spanning tree T c e is But 3-2o3 < 0, and thus by (9), the limit of (22) The corollary now follows since (TC2 and v2 are nonnegative quantities. Note. Having proved Theorem 3, we first thought that the uniform distribution might (asymptotically) maximize P(e) for [Ce] in a broader range of buc, perhaps even for [uc > 1. As the example below shows, however, if [Ce] is subject to the restrictions (9) , the random graph model S(n, P) induces a probability distribution of the form given in (1) with the graph iT being represented by its adjacency matrix R(IT) and the canonical parameter matrix 0 having (i, j) = e entry Oe = log[Pf(e)/(1 -Pf(e)]. In this case, the normalizing constant in (2) becomes Cr(O) ox PQ(e). The model derived from these choices in (1) gives the conditional probability under S(n, P) of a graph 7T given that -T E e. In the remainder of the paper, we investigate Pg(?) for various classes ve of rooted forests. For such classes, we find a remarkable factorization of the model that takes the form of (1), but with Oe = log Pg(e).
Extension to forests.
Recall some basic definitions: a tree is said to be rooted if it contains a specific node that is identified as a root. A spanning forest on the node set [n] is a set of disjoint trees (some of which may be isolated nodes) whose node sets form a partition of [n]. Formula (37) leads to a surprisingly concise description of the distribution of the number of tree components in a random spanning forest generated from model (1). That is, suppose we pick a forest of rooted trees with probability proportional to its weight. Then Pk, the probability that the random forest consists of k (rooted) trees is given by [Harper (1967) ], the number of edges in the random matching set [Heilmann and Lieb (1972) , Godsil (1981) ], the number of edges common for a fixed edge set and the random spanning tree [Godsil (1984) ] and the number of leaves in a random tree [Steele (1987) ]. The distribution of the latter turned out to be intimately connected to that of the number of blocks in Harper (1967) . Jeff Kahn (1997) has pointed out to us that our result could also have been obtained from that of Godsil (1984) , via the embedding of Kn into Kn+l For a highly readable survey of the area, the reader is referred to Pitman (1997). In it probabilistic methods are used to get strong bounds on the coefficients of polynomials whose roots are all real. In our case where the roots are non-negative, it is well-known that the coefficient sequence is unimodal.
Whenever intrinsic divisibility is established, it quickly leads to various results, including the asymptotic behavior of the distribution in question; see Harper (1967) , Godsil (1981) and Kahn (1996) , for instance. In our case, since O(d-1) ).
Thus we can claim that (Xd -EXd)Var-112 Xd converges, in distribution, to the standard normal variable. As a weak consequence of this result we can claim that almost all trees in the random spanning forest are of order d, the dimension of the cube.
Although it might seem plausible that the number of trees in a random forest of unrooted trees is also representable as a sum of binary random variables, this is easily seen not to be the case, since for n = 3 the corresponding p.g.f. is (x3 + 3x2 + 3x)/7, which has complex roots.
